The distortion of structure of a simple, inverse-12, soft-disk fluid undergoing two-dimensional plane Couette flow was studied by nonequilibrium molecular dynamics (NEMD) simulation and by equilibrium Monte Carlo (MC) simulation with a nonequilibrium potential, under which the equilibrium structure of the fluid is that of the nonequilibrium fluid. Extension of the iterative predictor-corrector method of [Reatto et al.Phys. Rev. A 33 3451 (1986)] was used to extract the nonequilibrium potential with the structure input from the NEMD simulation. Very good agreement for the structural properties and pressure tensor generated by the NEMD and MC simulation methods was found, thus providing the evidence that nonequilibrium liquid structure can be accurately reproduced via simple equilibrium simulations or theories using a properly chosen nonequilibrium potential. The method developed in the present study and numerical results presented here can be used to guide and test theoretical developments, providing them with the "experimental" results for the nonequilibrium potential.
I. INTRODUCTION
Shear-induced distortion of the fluid structure and its relation to the rheological properties of the fluid are of substantial importance in a number of applications in many branches of science and engineering. However, there have been only few attempts at a theoretical description of the fluid structure undergoing shear flow. These include phenomenological approaches based on fluctuating hydrodynamics [1] [2] [3] and on the Langevin models [4, 5] . More recently a relatively successful description of the structural changes in the hardsphere fluid under shear was given by Lutsko [6] , where he combines solution of the Enskog equation [7] , which gives the contact value of the hard-sphere pair distribution function, and ideas of the generalized mean spherical approximation approach [8] .
An interesting prospect in developing the theory, which is able to describe shear-induced distortion of the fluid structure, is to use the well-developed machinery of the liquidstate equilibrium statistical mechanics with a nonequilibrium potential under which the equilibrium structure of a fluid is that of the nonequilibrium fluid. Such theory can be used to predict the structure and other properties of nonequilibrium fluids without utilizing computer simulation methods. This is especially important for being able to predict the properties of the system under conditions at which they cannot be determind by computer simulation, e.g., in the linear flow regime of high polymers or in uniaxial extensional flow in the nonlinear regime. This type of approach has been taken by Gan and Eu [9, 10] ; however extensive comparison of the theoretical results and results of nonequilibrium molecular dynamics (NEMD) simulation [11, 12] reveals poor performance of the nonequilibrium potential suggested by the authors.
In this paper we continue to explore the possibilities in suggesting the nonequilibrium potential, which can be used to predict shear-induced distortion of the fluid structure. Calculation of the nonequilibrium potential represents a crucial step in the theory discussed above and availability of the "exact" results is very important, since they can be used as a reference to test the theory. While formal existence of the nonequilibrium potential follows from considerations of Gan and Eu [9, 10] , knowledge of its quantitative and even qualitative form is still lacking. Moreover, there is no evidence that the nonequilibrium potential can be determined or of the conditions of the density and strain rate under which it can be determined with sufficient accuracy. In the present study we propose a scheme, which gives "exact" results for the nonequilibrium potential in the same sense as any computer simulation approach gives "exact" results for the liquid structure. Our scheme combines NEMD and Monte Carlo simulation methods with the iterative predictor-corrector method of Reatto et al. [17] . The NEMD simulation method is used to generate the pair distribution function of the fluid undergoing steady shear flow, and the MC method is a "corrector" step in the predictor-corrector method of Reatto et al. [17] . In essence, the scheme represents solution of the inverse problem for the structure generated by the NEMD simulations. This method can be used to guide theoretical developments providing them with the "experimental" results for the nonequilibrium potential, which otherwise are not available.
The paper is organized as follows. In the next section we present the model and details of the NEMD simulation. For the sake of simulation simplicity we consider here the inverse-12, soft-disk fluid undergoing two-dimensional plane Couette flow. In Sec. III we discuss the iterative predictorcorrector method of Reatto et al. [17] , specialized to the problem at hand; in Sec. IV we present our results and discussion; and in Sec. V we collect our conclusions. In addition, in the Appendix we propose a closed-form, analytic expression for the nonequilibrium potential, extracted from the NEMD simulation, and its parametrization.
II. NONEQUILIBRIUM MOLECULAR DYNAMICS SIMULATIONS
Canonical (NVT) NEMD simulations of the soft-disk fluid under a planar Couette shear field have been performed using the so-called Sllod equations of motion [13] with a NoseHoover thermostat [14] [15] [16] . The interaction potential of the soft-disk fluid is given by
͑1͒
The interaction force and potential are truncated at r = 2.0. In this study, we have chosen the reduced temperature T * =k B T / ⑀ = 1.0 and three different packing fractions ␦t * =␦t / ͱ m 2 / ⑀ = 0.001. A total of 10 million time steps was used for every NEMD simulation, which is sufficient to reduce the statistical uncertainty. For calculating g͑r͒ during simulations, two-dimensional space has been divided by ␦r = 0.01 and ␦ =2 / 1000. A small grid in the angular coordinate was required for the inversion procedure to extract the nonequilibrium potentials. After 2 million time steps to achieve steady state, g͑r͒ data were collected every 10 steps.
III. NONEQUILIBRIUM POTENTIAL AND EQUILIBRIUM MONTE CARLO SIMULATIONS

A. Solution of the inverse problem
According to liquid state integral equation theory, formal solution of the inverse problem, i.e., deduction of the interparticle interaction potential V ne ͑r͒ from the structural data, is
where g͑r͒ = h͑r͒ +1, t͑r͒ = h͑r͒ − c͑r͒, B͑r͒ is the so-called bridge function, and the total h͑r͒ and direct c͑r͒ correlation functions are coupled by the Ornstein-Zernike (OZ) equation
However, this set of equations is not closed and one has to adopt some approximation for the bridge function B͑r͒. The resulting potential is very sensitive to the accuracy of the approximation used, which makes solution of the inverse problem highly nontrivial. One of the possibilities in resolving the problem is to utilize an iterative solution method, correcting the initial approximation to the bridge function [or equivalently to the potential V ne ͑r͒ (2)] on each iterative step.
In this study we utilize the iterative predictor-corrector method of Reatto et al. [17] , which proves to be successful in a number of applications. One iterative cycle of this method combines a "corrector" step, represented by the full computer simulation for the pair potential obtained on a "predictor" step using expression (2). On the ith iteration cycle we have
where the subscript NEMD denotes the quantities obtained by the NEMD simulation and correlation functions t ͑i−1͒ ͑r͒ and h ͑i−1͒ ͑r͒ for i − 1 iteration step follow from the equilibrium MC simulation method applied to the system with the pair potential V ne ͑i−1͒ ͑r͒.
The inversion scheme of this type requires a very accurate initial guess for the pair potential V ne ͑r͒. In the present study we used the following initial estimate,
where B ͑0͒ ͑r͒ is the bridge function extracted from the equilibrium MC simulations for the original system in equilibrium ͑␥ * =0͒ with the pair potential (1).
Application of the iteration scheme (4) requires solution of the OZ equation (3) with respect to t͑r͒, i.e.,
The integral equation given by (6) involves correlation functions, which are vector dependent and therefore difficult to solve numerically. To overcome this difficulty we expand these correlation functions into a set of ortogonal functions [18] , i.e.,
which reduces the problem to numerically solving the onevariable function S m ͑r͒. Here S͑r , ͒ stands for either t͑r , ͒ or h͑r , ͒ and L → ϱ. Taking the Fourier transform of the OZ Eq. (3) and expanding the correlation functions t͑k͒ and ĥ ͑k͒, we have
where the expansion coefficients in real and Fourier spaces are linked by the relation
Here J p denotes the pth order Bessel function of the first kind.
It is convenient to write Eq. (8) in matrix form, which then can be solved for t m ͑k͒ to yield
.. ,ĥ L ͑k͒), and
Summation in these expressions formally extends from minus to plus infinity ͑L → ϱ͒; in most cases only a small number of coefficients are needed. In the present study we restrict ourselves to L = 8, which appears to be sufficient for good representation of the structure. Because of the symmetry of the problem, all the expansion coefficients S m ͑r͒ and ͑Ŝ ͑k͒͒ with odd m are equal zero, and S −m ͑r͒ = ͓S m ͑r͔͒*, where the asterisk denotes complex conjugate. Thus, the dimensionality of the matrices involved in the Eq. (10) is 9 ϫ 9. The forward and inverse Fourier transforms, which are needed to couple the coefficients of the expansions of the correlation functions, have been carried out in logarithmic variables, using the method developed by Talman [19] . This method allows us to sample effectively both the rapidly varying part of the correlation functions at small distances and the long-range, slowly decaying portion, using a small number of grid points ͑n = 512͒.
B. Details of the equilibrium Monte Carlo simulations
Each iterative step of the method discussed above requires full Monte Carlo simulation of the equilibrium system with the pair potential V ne ͑i͒ ͑r͒. Temperature, density, and the equilibrium interaction potential used in MC simulations are the same as those in NEMD simulations. A total of 2 million cycles were performed for every MC simulation. After a 500 000-cycle equilibration, g͑r͒ data were collected every 10 cycles. An important detail in the MC simulations is to use a much larger (shear-rate dependent) cut-off distance than is used in the NEMD simulations because of the longrange characteristic of the nonequilibrium potential. It turns out (see Fig. 5 ) that the range of the nonequilibrium potential becomes longer with increasing shear rate. For all packing fractions, we employed r cut = 6.0 in the case of ␥ * = 0.5 and 0.7, and r cut = 8.0 in the case of ␥ * = 1.0. This strategy was necessary in order to avoid an artificial discontinuity in g͑r͒ at shorter r cut . Moreover, it also turns out that more iterations are required for the higher shear rate. the isotropic nature of liquid structure under the spherically symmetric soft interaction potential (1). For the nonequilibrium case of ␥ * = 0.5, it is clearly seen that the applied shear field distorts the overall liquid structure. Approximately, g͑r , =0͒ is almost the same as the angle-averaged g 0 ͑r͒, and on the scale of the figure the difference can be seen only for the case of the largest shear rate ␥ * = 1.0. Physically this means that the structural shape of the system at = 0 is not much changed by the external shear force. g͑r , = /2͒ also shows little difference from g 0 ͑r͒ except a slightly higher value of the first maximum. In contrast to those at = 0 and /2, g͑r͒ at = / 4 and 3 / 4 show quite different results. Relative to g 0 ͑r͒, g͑r , = /4͒ appears to shift to larger r and g͑r , =3 /4͒ to smaller r. This indicates that particles are distributed in space closer to each other at =3 / 4, but further apart from each other at = / 4. In a sense, we can say that particles have stronger interactions with those located in the direction of =3 / 4 relative to them and weaker interactions with those in the direction of = / 4. In this regard, it is to be expected from the fundamental kinetic theory that transport coefficients, i.e., viscosity, would be different for different orientations in space under the shear field. It is also important to note that the first maximum peak of g͑r͒ at =3 / 4 appears considerably higher than that of g 0 ͑r͒. Combining all the results above, we can picture the overall shape of the liquid structure as an ellipse distorted from a circle with its major axis in the direction of = / 4. The overall liquid structures at ␥ * = 0.7 and 1.0 appear qualitatively similar to that at ␥ * = 0.5. However, the distortion of liquid structure becomes stronger with increasing shear rate. In both cases, g͑r , =0͒ still shows little difference from g 0 ͑r͒ as in the case of ␥ * = 0.5. For g͑r , = /2͒, the maximum value is now considerably higher than that of g 0 ͑r͒, although there is still no clear shift in the position of the peaks, i.e., the periodicity of peaks. g͑r , = /4͒ and g͑r , =3 /4͒ also show the stronger shear effect on the extent of the shift, while only g͑r , =3 /4͒ shows a clear increase of the maximum value of peak. Thus the resulting shape of structure in these cases is elliptical as in the case of ␥ * = 0.5, but with a higher degree of eccentricity. The exact quantitative picture of the elliptical shape liquid structure is well represented in Fig. 3 . Figure 4 shows the maximum and minimum values of g͑r͒ along the angular coordinate. One can see that the most substantial deviation of g͑r͒ extremum values occurs for orientations close to = / 6 and =3 / 4, while for =0 g͑r͒ it is almost unchanged.
IV. RESULTS AND DISCUSSION
Our results for the nonequilibrium potential V ne ͑r͒ extracted from the NEMD simulation results are presented in 5 . In order to see clearly the effect of shear on the liquid structure, it is useful to divide nonequilibrium potential into two parts: equilibrium part, V eq ͑r͒, and the purely nonequilibrium part, V ne ͑r͒ − V eq ͑r͒. Figure 5 plots the purely nonequilibrium part of potential. It is instructive to compare the shape of the nonequilibrium part and g͑r͒ as shown in Figs. 1 and 2. In particular, the shape at = / 4 looks almost opposite to that at =3 / 4, which is consistent with the results of g͑r , ͒. Another aspect worthy of notice is that nonequilibrium potential is relatively long-ranged and its range becomes longer as shear rate increases. Note that this feature is absent in the theory of Gan and Eu [9, 10] , which predicts the same large distance asymptotic for both equilibrium and nonequilibrium potentials. Figures 6 and 7 show the results of inversion calculations of g͑r͒ for = 0.3 and 0.4 at shear rate ␥ * = 0.7 by MC simulations with the nonequilibrium potentials that were extracted from the original g͑r͒ data from NEMD simulations. As shown in the figures, the inversion results in all cases converge very well to the original ones. This proves that our nonequilibrium potentials are accurate enough to represent the corresponding nonequilibrium liquid structures. This treatment has an important practical aspect since we can reproduce the structure of a nonequilibrium system via simple equilibrium simulations or theories using a properly chosen nonequilibrium potential. Similarly, good agreement between equilibrium MC and NEMD simulation results was found for Comparison of the distortion of the fluid structure ⌬g 00 ͑r͒ = g 00 ͑r͒ − g eq ͑r͒ calculated using NEMD simulation with the equilibrium pair potential V eq ͑r͒ (symbols) and equilibrium MC simulation with the nonequilibrium potential V ne ͑r͒ (solid lines) at different values of and at ␥ = 0.5 (circles), ␥ = 0.7 (squares) and ␥ = 1.0 (diamonds). Here g 00 ͑r͒ is the angular averaged version of the pair distribution function g͑r͒.
FIG. 9.
Comparison of the distortion of the fluid structure ⌬g͑r͒ = g͑r͒ − g eq ͑r͒ calculated using NEMD simulation with the equilibrium pair potential V eq ͑r͒ (symbols) and equilibrium MC simulation with the nonequilibrium potential V ne ͑r͒ (solid lines) at different values of and at ␥ = 0.5 (circles), ␥ = 0.7 (squares) and ␥ = 1.0 (diamonds).
the pressure tensor (Table I) . Therefore, further development of this approach is expected to provide an easy route to understanding of nonequilibrium systems. Now we turn our attention to the effect of the shear force on the liquid structure by comparing g͑r͒ for each angle as well as g 0 ͑r͒. As for the nonequilibrium potential, it seems more instructive to look at the difference between the nonequilibrium and equilibrium structures ⌬g͑r͒ = g͑r͒ − g eq ͑r͒. First of all, from a naive consideration of g 0 ͑r͒ as angle-averaged, one might think that g 0 ͑r͒ would be the same regardless of shear force. However, even g 0 ͑r͒ is changed under a shear field as shown in Fig. 8 . As the shear rate is increased, the degree of inhomogeneity of local density in the radial direction appears higher. We point out that this result agrees with that in Ref. [20] . The results of ⌬g͑r͒ for =0, /4, / 2, and 3 / 4 are shown in Fig. 9 . From the figure, it is obvious, as mentioned earlier, that while the effects of shear on the liquid structure at = 0 and / 2 are shown to be qualitatively similar, the effect at = / 4 shows the opposite trend to that at =3 / 4. In all cases agreement between equilibrium MC results from V ne ͑r͒ and NEMD results from the original equilibrium potential V eq ͑r͒ is very good.
For the sake of convenience in future applications we propose closed-form, analytical expressions for the coefficients of the expansion (7) for V ne ͑r͒ up to ͉m͉ = 4. These expressions together with the numerical values of the coefficients, which enter the expressions, are collected in the Appendix. We note in passing that our choice of the expressions for V m ͑ne͒ ͑r͒ is purely empirical. The quality of this choice can be judged from Fig. 10 , where we compare the original nonequilibrium potential V ne ͑r͒ with its fitted version for = 0.3 and 0.4 and for ␥ * = 0.7.
V. CONCLUSIONS
In this work we present and analyze the structure results for a simple, inverse-12, soft-disk fluid undergoing twodimensional Couette flow generated by nonequilibrium molecular dynamics (NEMD). The NEMD structure has been used to extract the nonequilibrium potential, under which the structure of the equilibrium fluid coincides with that of nonequilibrium fluid. The asymptotic behavior of the "exact" nonequilibrium potential obtained in this study is substantially more long-ranged in comparison with that predicted by the theory of Gan and Eu [9, 10] . Solution of the inverse problem is based on our extension of the iterative predictorcorrector method of Reatto et al. [17] with the corrector represented by the equilibrium MC simulation. The inversion results for structure and the pressure tensor studied converge very well to the original ones in all cases. Thus, the nonequilibrium liquid structure can be accurately reproduced via simple equilibrium simulations or theories using a properly chosen nonequilibrium potential. The method developed in the present study and numerical results presented here can be used to guide and test theoretical developments, providing them with the "experimental" results for the nonequilibrium potential.
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APPENDIX
In this appendix we present closed-form, analytical expressions for the coefficients V m ͑ne͒ ͑r͒ of the expansion
We have and V −m ͑ne͒ ͑r͒ = ͓V m ͑ne͒ ͑r͔͒* with the asterisk denoting the complex conjugate. Numerical values for the set of the parameters a n , b n , ␣ n , ␤ n , r n ͑1͒ and r n ͑2͒ are collected in Table II and for the set of parameters A n , B n , G n and D n are collected in Table III . The latter set of parameters depends on the packing fraction and shear rate ␥*. 
